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Abstract. Neutrino mass sum rules are an important class of predictions in flavour models
relating the Majorana phases to the neutrino masses. This leads, for instance, to enormous
restrictions on the effective mass as probed in experiments on neutrinoless double beta decay.
While up to now these sum rules have in practically all cases been taken to hold exactly, we
will go here beyond that. While the effect of the renormalisation group running can be visible,
the qualitative features do not change. This changes somewhat for model dependent corrections
which might alter even the qualitative predictions but only for large corrections and a high
neutrino mass scale close to the edge of the current limits. This finding backs up the solidity of
the predictions derived in the literature apart from some exceptions, and it thus marks a very
important step in deriving testable and robust predictions from neutrino flavour models.
1. Setup
In [1–3] a general parametrisation for neutrino mass sum rules was given
s ≡ c1
(
m1e
−iφ1
)d
ei∆χ13 + c2
(
m2e
−iφ2
)d
ei∆χ23 +md3
!
= 0 , (1)
where mi are the light neutrino masses and φi the Majorana phases. All the other coefficients are given by one
of the twelve known sum rules, cf. table 1. For a perturbed sum rule in [3] we also defined a normalised sum rule,
sˆ, and the first order perturbation of it, δsˆ, by
sˆ ≡
s
mdn
and δsˆ ≡
δs
mdn
, (2)
where mn is chosen in such a way that there is no artificial enhancement by a factor mi/mj ≫ 1.
2. Selected Results
Some sum rules allow only for one of the two possible neutrino mass orderings. This can be most easily understood
from a geometrical interpretation of the sum rule as a closed triangle in a complex plane [1]. In sum rule 2, for
instance, one can then easily show that inverted ordering is excluded [2] because
cosαtree =
m21 − 4m
2
2 −m
2
3
4m2m3
< −
1
4
(
3
m22
m23
+ 1
)
< −1⇒ E , (3)
where α is one of the angles in the triangle. The RGE corrections to cosα in the MSSM [2],
δ(cosα)RGE ≈ −
Cy2τ
192pi2︸ ︷︷ ︸
>0
2.8m21 − 0.4m
2
2 + 0.1m
2
3
m2m3︸ ︷︷ ︸
>0
log
MS
MZ︸ ︷︷ ︸
>0
< 0 , (4)
Table 1. Summary table of the sum rules taken from [2,3], cf. Eq. (1).
Sum rule References c1 c2 d ∆χ13 ∆χ23
1 [4–13] 1 1 1 pi pi
2 [14] 1 2 1 pi pi
3 [4,7–11,15–34] 1 2 1 pi 0
4 [35,36] 1/2 1/2 1 pi pi
5 [37] 2√
3+1
√
3−1√
3+1
1 0 pi
6 [4–6,38–40] 1 1 −1 pi pi
7 [4,15–17,41–55] 1 2 −1 pi 0
8 [56–59] 1 2 −1 0 pi
9 [60] 1 2 −1 pi pi/2, 3pi/2
10 [61,62] 1 2 1/2 pi, 0, pi/2 0, pi, pi/2
11 [63] 1/3 1 1/2 pi 0
12 [64] 1/2 1/2 −1/2 pi pi
make things worse. This statement is true for most of the sum rules in the overwhelming part of the parameter
space. For the very few cases where the sign is correct one would still need very extreme parameter choices, which
are already disfavoured, see also [65].
For general corrections forbidden orderings can be reconstituted [3]. For sum rule 2 forbidden ordering could be
reconstituted by a 30% correction and a neutrino mass scale of 0.05 eV, which is on the edge of being disfavoured
by cosmology. For smaller mass scales the necessary corrections grow quickly, see Table 3 in [3] and indeed in
most cases (except for sum rule 10) the newly allowed regions are not very big and practically excluded by the
cosmological bounds on the neutrino mass scale.
3. Summary
Neutrino mass sum rules are a very powerful tool to test and discriminate flavour models [1, 66]. This was
confirmed in the systematic studies of RG corrections [2] and general perturbations [3] where it was shown that
many essential predictions still valid at least qualitatively.
In the future experimental information on the neutrino mass scale, their mass ordering, neutrinoless double
beta decay, but also information about new physics at the TeV scale like supersymmetry will be a crucial test to
understand if a neutrino mass sum rule is realised in nature.
Acknowledgments
MS is supported by BMBF under contract no. 05H12VKF and acknowledges partial support to attend the
NEUTRINO 2016 conference by Deutscher Akademischer Auslandsdienst (DAAD).
References
[1] King S F, Merle A and Stuart A J 2013 JHEP 12 005 (Preprint 1307.2901)
[2] Gehrlein J, Merle A and Spinrath M 2015 JHEP 09 066 (Preprint 1506.06139)
[3] Gehrlein J, Merle A and Spinrath M 2016 (Preprint 1606.04965)
[4] Barry J and Rodejohann W 2011 Nucl. Phys. B842 33–50 (Preprint 1007.5217)
[5] Bazzocchi F, Merlo L and Morisi S 2009 Phys. Rev. D80 053003 (Preprint 0902.2849)
[6] Ding G J 2011 Nucl. Phys. B846 394–428 (Preprint 1006.4800)
[7] Ma E 2005 Phys. Rev. D72 037301 (Preprint hep-ph/0505209)
[8] Ma E 2006 Mod. Phys. Lett. A21 2931–2936 (Preprint hep-ph/0607190)
[9] Honda M and Tanimoto M 2008 Prog. Theor. Phys. 119 583–598 (Preprint 0801.0181)
[10] Brahmachari B, Choubey S and Mitra M 2008 Phys. Rev. D77 073008 [Erratum: Phys.
Rev.D77,119901(2008)] (Preprint 0801.3554)
[11] Kang S K and Tanimoto M 2015 Phys. Rev. D91 073010 (Preprint 1501.07428)
[12] Everett L L and Stuart A J 2009 Phys. Rev. D79 085005 (Preprint 0812.1057)
[13] Boucenna M S, Morisi S, Peinado E, Shimizu Y and Valle J W F 2012 Phys. Rev. D86 073008 (Preprint
1204.4733)
[14] Mohapatra R N and Nishi C C 2012 Phys. Rev. D86 073007 (Preprint 1208.2875)
[15] Altarelli G and Feruglio F 2006 Nucl. Phys. B741 215–235 (Preprint hep-ph/0512103)
[16] Chen M C and King S F 2009 JHEP 06 072 (Preprint 0903.0125)
[17] Chen M C, Mahanthappa K T and Yu F 2010 Phys. Rev. D81 036004 (Preprint 0907.3963)
[18] Altarelli G and Feruglio F 2005 Nucl. Phys. B720 64–88 (Preprint hep-ph/0504165)
[19] Altarelli G, Feruglio F and Lin Y 2007 Nucl. Phys. B775 31–44 (Preprint hep-ph/0610165)
[20] Ma E 2007 Mod. Phys. Lett. A22 101–106 (Preprint hep-ph/0610342)
[21] Bazzocchi F, Kaneko S and Morisi S 2008 JHEP 03 063 (Preprint 0707.3032)
[22] Bazzocchi F, Morisi S and Picariello M 2008 Phys. Lett. B659 628–633 (Preprint 0710.2928)
[23] Lin Y 2009 Nucl. Phys. B813 91–105 (Preprint 0804.2867)
[24] Ma E 2010 Mod. Phys. Lett. A25 2215–2221 (Preprint 0908.3165)
[25] Ciafaloni P, Picariello M, Urbano A and Torrente-Lujan E 2010 Phys. Rev. D81 016004 (Preprint 0909.2553)
[26] Bazzocchi F and Morisi S 2009 Phys. Rev. D80 096005 (Preprint 0811.0345)
[27] Feruglio F, Hagedorn C and Ziegler R 2014 Eur. Phys. J. C74 2753 (Preprint 1303.7178)
[28] Chen M C and Mahanthappa K T 2007 Phys. Lett. B652 34–39 (Preprint 0705.0714)
[29] Ding G J 2008 Phys. Rev. D78 036011 (Preprint 0803.2278)
[30] Chen M C and Mahanthappa K T 2009 Phys. Lett. B681 444–447 (Preprint 0904.1721)
[31] Feruglio F, Hagedorn C, Lin Y and Merlo L 2007 Nucl. Phys. B775 120–142 [Erratum: Nucl.
Phys.B836,127(2010)] (Preprint hep-ph/0702194)
[32] Merlo L, Rigolin S and Zaldivar B 2011 JHEP 11 047 (Preprint 1108.1795)
[33] Luhn C, Parattu K M and Wingerter A 2012 JHEP 12 096 (Preprint 1210.1197)
[34] Fukuyama T, Sugiyama H and Tsumura K 2010 Phys. Rev. D82 036004 (Preprint 1005.5338)
[35] Ding G J and Zhou Y L 2013 Nucl. Phys. B876 418–452 (Preprint 1304.2645)
[36] Lindner M, Merle A and Niro V 2011 JCAP 1101 034 [Erratum: JCAP1407,E01(2014)] (Preprint 1011.4950)
[37] Hashimoto K and Okada H 2011 (Preprint 1110.3640)
[38] Cooper I K, King S F and Stuart A J 2013 Nucl. Phys. B875 650–677 (Preprint 1212.1066)
[39] Ding G J, Everett L L and Stuart A J 2012 Nucl. Phys. B857 219–253 (Preprint 1110.1688)
[40] Gehrlein J, Oppermann J P, Scha¨fer D and Spinrath M 2014 Nucl. Phys. B890 539–568 (Preprint 1410.2057)
[41] Altarelli G and Meloni D 2009 J. Phys. G36 085005 (Preprint 0905.0620)
[42] Altarelli G, Feruglio F and Hagedorn C 2008 JHEP 03 052–052 (Preprint 0802.0090)
[43] Morisi S, Picariello M and Torrente-Lujan E 2007 Phys. Rev. D75 075015 (Preprint hep-ph/0702034)
[44] Adhikary B and Ghosal A 2008 Phys. Rev. D78 073007 (Preprint 0803.3582)
[45] Lin Y 2010 Nucl. Phys. B824 95–110 (Preprint 0905.3534)
[46] Csaki C, Delaunay C, Grojean C and Grossman Y 2008 JHEP 10 055 (Preprint 0806.0356)
[47] Hagedorn C, Molinaro E and Petcov S T 2009 JHEP 09 115 (Preprint 0908.0240)
[48] Burrows T J and King S F 2010 Nucl. Phys. B835 174–196 (Preprint 0909.1433)
[49] Ding G J and Liu J F 2010 JHEP 05 029 (Preprint 0911.4799)
[50] Mitra M 2010 JHEP 11 026 (Preprint 0912.5291)
[51] del Aguila F, Carmona A and Santiago J 2010 JHEP 08 127 (Preprint 1001.5151)
[52] Burrows T J and King S F 2011 Nucl. Phys. B842 107–121 (Preprint 1007.2310)
[53] Ahn Y H and Gondolo P 2015 Phys. Rev. D91 013007 (Preprint 1402.0150)
[54] Karmakar B and Sil A 2015 Phys. Rev. D91 013004 (Preprint 1407.5826)
[55] Ahn Y H 2015 Phys. Rev. D91 056005 (Preprint 1410.1634)
[56] He X G, Keum Y Y and Volkas R R 2006 JHEP 04 039 (Preprint hep-ph/0601001)
[57] Berger J and Grossman Y 2010 JHEP 02 071 (Preprint 0910.4392)
[58] Kadosh A and Pallante E 2010 JHEP 08 115 (Preprint 1004.0321)
[59] Lavoura L, Morisi S and Valle J W F 2013 JHEP 02 118 (Preprint 1205.3442)
[60] King S F, Luhn C and Stuart A J 2013 Nucl. Phys. B867 203–235 (Preprint 1207.5741)
[61] Adulpravitchai A, Lindner M, Merle A and Mohapatra R N 2009 Phys. Lett. B680 476–479 (Preprint
0908.0470)
[62] Hirsch M, Morisi S and Valle J W F 2008 Phys. Rev. D78 093007 (Preprint 0804.1521)
[63] Dorame L, Meloni D, Morisi S, Peinado E and Valle J W F 2012 Nucl. Phys. B861 259–270 (Preprint
1111.5614)
[64] Dorame L, Morisi S, Peinado E, Valle J W F and Rojas A D 2012 Phys. Rev. D86 056001 (Preprint
1203.0155)
[65] Spinrath M 2016 Int. J. Mod. Phys. A31 1630021 (Preprint 1604.02658)
[66] Agostini M, Merle A and Zuber K 2016 Eur. Phys. J. C76 176 (Preprint 1506.06133)
